Abstract-RF wireless interface enables remotely-powered implantable devices. Current studies in wireless power transmission into biological tissue tend to operate below 10 MHz due to tissue absorption loss, which results in large receive antennas. This paper examines the range of frequencies that will optimize the tradeoff between received power and tissue absorption. It first models biological tissue as a dispersive dielectric in a homogeneous medium and performs full-wave analysis to show that the optimal frequency is above 1 GHz for small receive coil and typical transmit-receive separations. Then, it includes the air-tissue interface and models human body as a planarly layered medium. The optimal frequency is shown to remain in the GHz-range. Finally, electromagnetic simulations are performed to include the effect of load impedance and look at the matched power gain. The optimal frequency is in the GHz-range for mm-sized transmit antenna and shifts to the sub-GHz range for cm-sized transmit antenna. The multiple orders of magnitude increase in the operating frequency enables dramatic miniaturization of implantable devices.
I. INTRODUCTION

I
MPLANTABLE medical devices will play an important role in modern medicine for preventive and post-surgery monitoring, drug delivery, local stimulation, and biomimetic prosthesis. To reduce the risk of wire snapping, and replacement and corrosion of embedded batteries, wireless delivery of energy to these devices is desirable. Low-frequency electromagnetic field as the carrier in conjunction with inductive coupling as the transmission mechanism is a commonly used approach. In the past fifty years, analyses [1] - [5] , circuit design techniques [4] , [6] - [11] , link optimization [12] , and prototype implementations [13] - [16] tended to operate at frequencies below 10 MHz. On the other hand, the telemetry systems, either battery powered or wirelessly powered by a low-frequency carrier, operate between 10 MHz to a few GHz [17] - [20] . In a related field to wireless power delivery, thermotherapy where electromagnetic field is used to heat up a targeted area inside the body such as hyperthermia, uses both low-frequency ( MHz) and high-frequency ( GHz) carriers ( [21] , Ch. 4). Work has been done on identifying the frequency that optimizes the tradeoff between penetration and resolution [22] . A fundamental question therefore arises: is there an optimal frequency for the wireless delivery of power into biological tissue that maximizes the ratio of received power to total tissue absorption? In this paper, we consider the scenario where the receiver dimension is much smaller than its depth inside the body, and show that there exists an optimal frequency and this frequency is in the sub-GHz to the low GHz-range.
Let us first review the reasoning behind the popular use of low-frequency carrier in wireless power transmission. As tissue absorption increases with frequency, most analyses assume that lower frequency would yield better transfer efficiency. They therefore omit the displacement current. The propagation of electromagnetic field is then governed by a diffusion equation which is a quasi-static approximation to Maxwell's equations. Solving the diffusion equation reveals that electromagnetic fields decay exponentially inside tissue and the length of diffusion is inversely proportional to the square root of frequency. That is, higher frequency decays faster which agrees with the initial assumption and reinforces the use of low-frequency carrier. However, the diffusion equation is a valid approximation for good conductors, and tissue is better modeled as a low loss dielectric in which displacement current is significant. Solving the Helmholtz equation reveals that the penetration depth is asymptotically independent of frequency at high frequency. As received power is proportional to the rate of change of the incident magnetic field, higher carrier frequency is seemingly better. However, dielectric dispersion in tissue begins to play a role in the GHz-range. Therefore, we conjecture the existence of an optimal frequency.
To find the optimal frequency, we will first model biological tissue as a dispersive dielectric in a homogeneous medium, and approximate the transmitted field by the field emanated from the set of lowest order magnetic multipoles. Here, we define the power transfer efficiency as the ratio of received power to total tissue absorption. For a small receive coil, the frequency that optimizes this efficiency, is shown to be (1) where characterizes the dielectric properties of tissue in the Debye relaxation model and is the transmit-receive separation. Based on the measured data in [23] , the optimal frequencies for 17 different kinds of biological tissue 0018-926X/$26.00 © 2010 IEEE are above 1 GHz even for a separation of 10 cm. The transfer efficiency at the optimal frequency is approximately proportional to . This implies that the regime for optimal power transmission is in between the far field and the near field.
Next, we include the air-tissue interface and model human body as a planarly layered medium, and replace the source model by a finite dimensional current loop. We compute the Sommerfeld integrals and show that the optimal frequency remains in the GHz-range for typical tissue composition and transmit-receive separation. We also perform the SAR (specific absorption rate) calculation and compute the maximum induced voltage at the receiver. Depending on the load impedance, sub-mW to mW of power can be safely delivered to a mm-sized receive coil from a cm-sized transmit coil with a separation of a few cm at carrier frequency of 1 GHz.
Lastly, as received power depends on the load impedance, we will study its effect on the optimal frequency. The choice of load impedance depends on receiver design. In the inductively coupled link, resonant tuning is a commonly used technique [1] - [16] . The load impedance is chosen to achieve a given output voltage. The tuning configuration-series versus shunt tuning-is chosen to maximize the overall power gain. Shunt tuning at receiver and series tuning at transmitter is the most commonly used configuration. As our objective is to achieve maximum power transfer efficiency, a different approach is to model the power link as a two-port network and perform simultaneously conjugate matching at the transmitter and the receiver. The output voltage requirement is then fulfilled by the choice of various matching networks. We will include the matching network and perform electromagnetic simulation using Zeland IE3D [24] . The optimal frequency is in the GHz-range for mm-sized transmit coil and shifts to the sub-GHz range for cm-sized transmit coil.
We progressively include the effect of tissue dielectric properties, air-tissue multi-layered structure, and load impedance at the receiver, and study their effect on the optimal frequency for power transmission. All the results suggest that the optimal frequency is about 2 order of magnitude higher than the commonly used range of frequencies. For a fixed power transfer efficiency, the dimension of the receiver can be reduced by 100 times. This allows dramatic miniaturization of implantable devices. Furthermore, higher carrier frequency has better tolerance to receiver displacement and orientation. If data is modulated on top of the power carrier, wider signal bandwidth and hence higher data rate can be supported.
The rest of the paper is organized as follows. Section II presents the model and problem formulation. Sections III, IV, and V investigate the effect of dielectric dispersion in tissue, layered structure of body, and load impedance at receiver on the optimal frequency respectively. Finally, we conclude this paper in Section VI.
In the following, we use boldface letters for vectors and boldface capital letters with a bar such as for matrices. For a vector denotes its magnitude and is a unit vector denoting its direction. and denotes the conjugate and the conjugate transpose operations respectively. For a complex number and denote the real and the imaginary parts respectively. 
II. MODEL AND PROBLEM FORMULATION
Referring to Fig. 1 , we consider a source region of magnetic current density delivering power to an arbitrarily oriented magnetic dipole. First, we consider a source region despite the fact that most study in the literature models the penetration of electromagnetic field into tissue as a plane wave normally incident on the air-tissue interface. It is because the source region is close to the tissue and the separation is usually much less than a wavelength. Thus, the plane-wave model is not appropriate. Second, only solenoidal current sources are used because their electric near field is smaller. Therefore, tissue absorption is less. Similar argument is made in [25] . Third, we consider area-constrained implantable devices and therefore we model the receive antenna as a magnetic dipole.
Assuming all sources and fields have a time dependence , the electromagnetic fields due to the transmit magnetic current density and the induced receive current density satisfy (2a) (2b) Substituting them into the Poynting theorem yields (3) Rearranging terms, the transmitted power density is related to the received power density and losses by (4) The term on the left is the complex transmitted power density. On the right, is the radiation loss; the imaginary part of is the sum of dielectric loss and induced-current loss; and is the complex received power density. Suppose is the distance between the center of the source region and the tissue interface. Then, the tissue region is defined by and the amount of energy absorbed by the tissue is (5) Suppose the receive dipole is at and is pointing in the direction . The power transferred to the receive dipole is given by (6) where is the induced current on the receive dipole and is the area of the dipole. As we are concerned with the amount of heat absorbed by the tissue, we define the power transfer efficiency as the ratio of real received power to total tissue absorption:
The scattered field due to the induced current density is much weaker than the incident field due to . Therefore, the electromagnetic fields can be approximated by ignoring the scattered field. Then, the fields can be expressed in integral forms as (8a) (8b) where and are the magnetic and the electric dyadic Green functions respectively. Different transmission media will have different sets of Green functions. In the next two sections, we will study the variation of with frequency in homogeneous and planarly layered media.
Finally, the total magnetic flux incident on the receive dipole is . The rate of change of this total flux yields the induced emf. With reference to Fig. 2 , this induced emf is the voltage across the load impedance and hence, the induced current equals to . The received power can be written as (9) In the next two sections, we will assume a fixed load impedance while in Section V, we will study the variation of with frequency for matched load.
III. OPTIMAL FREQUENCY IN HOMOGENEOUS DISPERSIVE TISSUE
This section investigates the effect of dielectric dispersion in tissue. Therefore, we assume the medium is homogeneous with and the tissue dispersion is captured by the frequency variation of the relative permittivity . We decompose the dyadic Green functions into a sum of vector multipoles. In a homogeneous medium and spherical coordinates , these multipoles are given by [26, Ch. 7] (10a)
where is the spherical Hankel function of the first kind, is the spherical Bessel function, and is the spherical harmonic function of degree and order using the Schmidt seminormalized definition. The Green functions can then be written as
Electromagnetic fields at a distance depend on the source from its projection onto 's. For a small source region, the projection onto the lowest order multipoles suffice to model the source region. The corresponding electromagnetic fields are given by
The direction of gives the orientation of the transmit dipole and its magnitude yields the transmit magnetic moment. With this simplification, the integral in the tissue absorption in (5) can be expressed as (13) (14) in which the cross terms are zero due to the symmetry of in over the domain of integration. Defining as a vector with elements and as a diagonal matrix with diagonal elements , we have the following compact representation for the tissue absorption (15) When the domain of integration is not a half space, can be non-diagonal but the matrix representation remains hold. Similarly, we define (16) the received power in matrix form is (17) Putting together, the power transfer efficiency can be expressed as (18) Fig. 3 . Plot the real part of the relative permittivity and conductivity of muscle based on the Debye and the 4-term Cole-Cole relaxation models. Now, the efficiency depends on the orientation of the transmit dipole captured by , the orientation of the receive dipole captured by , and the dielectric properties of the medium captured by . In the following, we will derive the power transfer efficiency that maximizes over all possible orientations of the transmit dipole, and then find the frequency that maximizes this optimal power transfer efficiency for a given receive orientation. Before proceeding to the derivation, we will review the characterization of biological tissue first.
A. Review on Tissue Characterization
At low frequency, the frequency variation of is dominated by the induced current, that is, (19) where and are the static relative permittivity and conductivity respectively. As the operating frequency increases, other loss mechanisms emerge. The dominant one is the dielectric relaxation loss. Debye relaxation model and its variants are popular models for biological media. In this relaxation model, the relative permittivity is expressed as [21] : (20) The relaxation phenomenon is model by a first-order equation. Each type of tissue is characterized by 3 parameters: , and . The is the relaxation time constant, and its inverse gives the range of frequency where this model is valid. The is the relative permittivity at frequencies where . As we are interested in the efficiency of the power link above 10 MHz, we will use the Debye relaxation model for the frequency range between 10 MHz and 100 GHz in our study. Using muscle as an example, Fig. 3 plots the real part of the relative permittivity and the equivalent conductivity calculated from the imaginary part using parameters from [23] . 1 The real part begins to vary 1 The parameters in [23] with frequency in the GHz-range. From Kramers-Kronig relations [27, Sec. 7.10], the dielectric loss should become significant over the GHz-range. Therefore, we conjecture the existence of an optimal frequency in the GHz-range. Next, we will use the Debye relaxation model to prove our conjecture.
B. Derivation of Optimal Frequency
The orientation of the transmit dipole that maximizes the efficiency in (18) is given by (21) and the optimal efficiency is (22) Defining for which are the projections of onto the directions of the three lowest order multipoles at , the optimal efficiency can be written as (23) The optimal efficiency is independent of the transmit magnetic moment. From definitions in (10), we obtain
where and is the exponential integral function.
The relaxation model is valid over the frequency range where . Over this range, the relative permittivity in (20) is approximately equal to (26) where . This yields (27) At high frequency where , we have the following approximations:
Assuming is much smaller than the skin depth, that is,
Putting the above equations together yields
Defining , the optimal efficiency in (23) can then be approximated by The optimal frequency is approximately inversely proportional to the square root of transmit-receive separation. It is approximately inversely proportional to the cube of the transmit-receive separation. In the far field, the power gain follows the inverse square law; that is, it is inversely proportional to the square of the transmit-receive separation. In the near field, the power gain is inversely proportional to the 6th power of the transmit-receive separation. Now, the optimal efficiency is somewhere in between the far field and the near field.
C. Numerical Examples
Based on the measured data in [23] , Table I lists the approximated optimal frequencies for 17 different kinds of tissue assuming cm. All approximated optimal frequencies are in the GHz-range. They are above 1 GHz even for cm. As muscle is the most widely reported tissue, let us take muscle as an example. We consider a receive dipole tilted 45 with respect to the -axis; that is, . The area of the receive dipole is (2 mm) . We first compute the efficiency given in (23) that optimizes the orientation of the transmit dipole for the given 's, over the frequency range between 1 MHz and 10 GHz. Then, we find the efficiency that (32) , and compare them with the approximations in (33). Fig. 4(a) shows these curves. The approximated and the exact optimal frequencies based on the Debye relaxation model are very close. Hence, the formula in (33) is a good approximation. We also plot the efficiency at the optimal frequency and compare it with the approximation in (34). The two curves are shown in Fig. 4(b) . The approximation shows good matches as well.
As a number of commercial electromagnetic field solvers that include human body model use the 4-term Cole-Cole model which is a variant of the Debye relaxation model. We also compute the exact optimal frequencies based on the Cole-Cole model. For reference, Fig. 3 compares the dielectric properties of muscle between the two relaxation models. Fig. 4 shows that the two models yield similar results.
D. Variation of Penetration Depth With Frequency
Now, we attempt to understand the reason behind the popular use of low-frequency carrier in wireless power transmission for implantable systems. In (19), the low-frequency rela- tive permittivity captures the effect of displacement current and induced-current loss. When the frequency is low enough, the imaginary component dominates, that is, the induce current is substantial whereas the displacement current is negligible. The wavenumber can be approximated by
The skin depth is given by the inverse of the imaginary part of (36) It is inversely proportional to the square root of frequency. According to this low-frequency model, the efficiency decreases exponentially with . It is worse to operate at higher frequencies than at DC. However, this low-frequency model cannot be used to conclude the behavior at higher frequencies. At high frequency, the imaginary part should be approximated by the expression in (27) . The skin depth is approximated by
Depending on , the skin depth is invariant with frequency when , and it is inversely proportional to the square of frequency when . This transition introduces the optimal frequency in the GHz-range.
IV. OPTIMAL FREQUENCY IN PLANARLY LAYERED BODY MODEL
The analyses in homogeneous medium reveal that the effect of tissue absorption on the power transfer efficiency is not as worse as we used to believe. Higher efficiency can be achieved by operating at higher frequency until reaching the optimal frequency. In this section, we include the air-tissue interface and study its effect on the optimal frequency. We model human body as a planarly layered medium, as illustrated in Fig. 5 . The analysis can be extended to other inhomogeneous media such as spherically layered medium and cylindrically layered medium which may provide a better model for certain part of the body.
A. Dipole Source
For small source region, the lowest order multipole fields in (12) correspond to fields emanated from the three orthogonal magnetic dipoles. More specifically, , and
give the magnetic fields due to magnetic dipole pointing in the , and directions respectively. In a homogeneous medium, they can be obtained from each other by rotation transformations. In a layered medium, we need to distinguish between horizontal magnetic dipole (HMD) and vertical magnetic dipole (VMD). The electromagnetic fields due to dipoles pointing in the and directions can be obtained from the HMD while those due to a dipole pointing in the direction can be obtained from the VMD.
For convenience, we use the same symbols as in the homogeneous medium. We denote the magnetic fields due to the three lowest order multipoles by , and , and their electric field counterparts by , and . The electromagnetic fields are then given by
Now, the direction of gives the orientation of the transmit dipole and its magnitude gives the transmit magnetic moment. As most advanced electromagnetic textbooks do not include the complete set of expressions for 's and 's, we summarize it in Appendix A. With similar definitions as in (16), we obtain the matrix form for the power transfer efficiency same as in (18) . By symmetry, is also a diagonal matrix. Therefore, the optimal efficiency is similar to (23) and is given by (39) For given and 's, the frequency that maximizes this efficiency gives the optimal frequency. Unlike in the homogeneous medium, closed-form expressions for the terms inside the summation are not feasible. Therefore, we cannot obtain a closed form expression for the optimal frequency.
We numerically compute the optimal frequency for two cases. In the first case, it is a halfspace with air in medium 1 and muscle in medium 2. In the second case, we consider an air-skin-fatmuscle multi-layered medium. In both cases, we use the measured data in [23] to model the dielectric dispersion of biological tissues. To accelerate the computation of the Sommerfeld integrals involved in the expressions for 's and 's, we follow [28] to deform the integration path. Furthermore, as the integrals involve Bessel functions which are oscillatory, we partition the revised integration path into sub-paths with exponentially increasing length, and perform the integration over these sub-paths. Fig. 6(a) plots the optimal frequency versus the implant depth, . The transmit dipole is 1 cm above the tissue interface and the receive dipole is tilted 45 with respect to the axis. In the air-skin-fat-muscle multi-layered medium, the thickness of skin is 2 mm and the thickness of fat is 5 mm. We also include the curve from the last section for homogeneous medium (denote by "muscle" in the figure) where the transmit dipole is 2 mm above the interface. All optimal frequencies are above 1 GHz. They vary with different thickness of tissues. In typical tissue compositions, they are in the GHz-range. Fig. 6(b) plots the efficiency at the optimal frequency versus the implant depth. The efficiency is not very sensitive to the variation of tissue composition. Its variation with the implant depth remains approximately inversely proportional to .
B. Uniform Source Region
The analysis based on dipole source is carried over from homogeneous medium to layered medium. Now we consider a finite dimensional source region. Assume that we could implement a sheet of fully controlled source elements in the region. If all source elements have identical current and point in the direction, the source current density becomes (40) This is equivalent to a square current loop of area with uniform current . The electromagnetic fields can be obtained from those due to VMD and are given by (41a) (41b) The frequency that maximizes the efficiency defined in (7), is the optimal frequency. When dipole sources are used, the efficiency does not depend on the area of the transmit dipole. Here, the efficiency will depend on the area of the transmit source. Fig. 7(a) plots the optimal frequency versus the implant depth for (2 cm) . All optimal frequencies are above 1 GHz. Fig. 7(b) plots the efficiency at the optimal frequency versus the implant depth (the solid line). The efficiency is about 5 dB worse than that obtained from the dipole-source analysis. This is because the orientation of the transmit dipole is optimized for the given orientation of the receive dipole. As all the source elements in the transmit region are pointing in the direction, we compare the efficiency with that due to a transmit dipole pointing in the direction. The two curves match well. This numerical example reveals that dipole-source analysis is a good approximation, and much higher efficiency is possible if transmit sources can orient freely.
C. Local SAR Calculations
With a finite dimensional source, we can investigate the distribution of heat absorption inside tissue. From which, we can obtain the transmit magnetic moment that satisfies the safety guidelines. As the transmit source is close to the tissue, we adopt the safety guidelines for specific absorption rate (SAR). In the IEEE guideline, the SAR limits are 1.6 W/kg for any 1 g of tissue and 4 W/kg for any 10 g of tissue. In the ICNIRP guideline, the SAR limit is 4 W/kg for any 10 g of tissue in hands, wrists, feet, and ankles, and 2 W/kg for any 10 g of other tissue. In general, 1 g of tissue approximately occupies 1 cm and 10 g of tissue occupies 2.15 cm . That is, the tissue absorption should not exceed 1.6 mW in 1 cm and 20 mW to 40 mW in 2.15 cm .
We consider a square loop of width 2 cm at a distance 1 cm above the air-tissue interface and an air-skin-fat-muscle multilayered medium with (1 cm, 1.2 cm, 1.7 cm). We first assume equal to 1 Am and compute the SAR distribution. Then, we scale the SAR distribution by a factor such that the maximum value of the scaled distribution equals to 1.6 mW/cm . This scaling factor also gives the transmit current which is 280 mA. Fig. 8 plots the SAR distribution at 1 GHz after scaling. The corresponding received power distributions are plotted in Fig. 9 for two receive dipole orientations. At an implant depth of 2 cm ( cm), the received power is 67 W for a dipole tilted 45 and 150 W for a dipole pointing in the direction. If the less stringent SAR limit is used, the received power will be increased by approximately 10 times. As a result, sub-mW to mW of power can be safely delivered to a mm-sized receive antenna from a cm-sized transmit antenna with a separation of a few cm at carrier frequency of 1 GHz. 
V. OPTIMAL FREQUENCY WITH CONJUGATE MATCHING
AT RECEIVER The received power depends on the load impedance . In the inductively coupled link, the load impedance is chosen to achieve a given output voltage. Various tuning configurations-series vs. shunt tuning-are then chosen to maximize the power transfer efficiency. Shunt tuning at receiver and series tuning at transmitter is commonly used. At 1 GHz or above, the mutual impedance between the transmit and the receive antennas is no longer purely imaginary as in the inductive link. We should use a different approach and model the power link as a two-port network. As our objective is to maximize the power transfer efficiency, we should perform simultaneously conjugate matching at both transmitter and receiver. The output voltage requirement is then fulfilled by the choice of different forms of matching network. As a result, the load impedance in the definition of in (6) is related to the self-impedance of the receive antenna. At conjugate matching, the total impedance of port 2 is approximately equal to 2 times the real part of the self-impedance and half of the power absorbed by port 2 goes to the load. Therefore, the load impedance in the definition of can be chosen to be 4 times the real part of the self-impedance. In the last section, we choose which is 4 times the resistance of a 2-mm side square copper loop with a trace width of 0.20 mm and trace thickness of 0.04 mm.
As the self-impedance of the receive antenna changes with frequency, the optimal choice of changes with frequency as well. To understand the effect of load impedance on the optimal frequency, we perform electromagnetic simulations. We use Zeland IE3D full-wave electromagnetic field solver [24] to obtain the S-parameters for the 2-port system in Fig. 10 . The tissue model is the air-skin-fat-muscle planarly layered structure with same thicknesses as in previous examples. The frequency dependence of the tissue dielectric properties is imported to the simulator according to the dielectric model in [23] . Both transmit and receive coils are single-turn. The transmit coil is a 2-cm side square copper loop with a trace width of 2.00 mm and trace thickness of 0.04 mm. The receive coil is a 2-mm side square copper loop with a trace width of 0.20 mm and trace thickness of 0.04 mm. The transmit coil is in parallel with the tissue interface and is 1 cm above it, while the receive coil is tilted 45 and is 2 cm below the interface. Both coils are axially aligned. Fig. 11 plots the variation of matched power gain with frequency. The loss in the matched power gain includes not only tissue absorption but also ohmic loss in both coils and radiation loss from the transmit coil. At low frequency, the ohmic loss dominates but its rate of increase with frequency is less than that of the received power. As a result, the power gain increases with frequency. The rate of increase reduces when loss from induced current dominates. Finally, it decreases steeply with frequency when dielectric loss dominates.
The optimal frequency for the 2-cm side transmit coil shifts to the sub-GHz range due to radiation loss. The wavelength at 1 GHz is about 4 cm and therefore, radiation loss plays a role in the sub-GHz range. When a smaller transmit coil is used (dotted line in Fig. 11 ), the optimal frequency remains in the GHz-range. This suggests that we should consider using an antenna array in the GHz-range. The array pattern can be controlled to maximize the received power while minimizing the total tissue absorption and local SAR. Similar technique is applied to hyperthermia operating in the GHz-range. In hyperthermia, there is an optimal frequency when an array of applicators is used, but such an optimal frequency does not exist for a single applicator. Here, power delivery to an implant has an optimal frequency even for a single transmit antenna.
VI. CONCLUSION
Wireless power transmission into biological tissue usually operates below 10 MHz, and quasi-static approximation and transformer model are commonly used in the analysis of the power link. In this paper, we perform full-wave analysis and model the power link as a generalized two-port network. The optimal frequency is in the GHz-range when the dimension of the transmit antenna is much smaller than a wavelength. It shifts to the sub-GHz range when the dimension is comparable to a wavelength. This suggests that we should consider using an antenna array to increase the power transfer efficiency, similar to focused hyperthermia. As the optimal frequency is about 2 order of magnitude higher than what is used today, dramatic receiver miniaturization is feasible. In addition, operating at higher frequency desensitizes the effect of receive coil orientation as now it is no longer in the near field of the transmitter. To exploit these advantages require new models and new circuit design techniques which can be the directions for future research in this area.
APPENDIX
A. Expressions for Field Components in (38a)-(38b)
The 's in Cartesian coordinates can be written in terms of the TE and TM components Defining and , the TE and TM components for in the th layer are given by Similarly, the 's in Cartesian coordinates can be written as
The corresponding TE and TM components are given by
In the above expressions, the generalized reflection coefficients and amplitudes can be obtained from the following recursive relations:
where the reflection coefficients for the TE and TM components are
